In this manuscript we perform detailed analytical and numerical studies of the physical processes that result from the interaction between the dust and gas components of a protostellar accretion disk. We consider the most favorable condition for dust sedimentation in a laminar gaseous background and look at the conditions that precede the onset of gravitational and shear instability. We adopt a two-fluid formalism to examine two issues of particular interest: (1) the slow sedimentation of a laminar dust layer, for which we are able to extract selfsimilar solutions, and (2) the rapid growth of perturbations to that slowly settling shear flow, for which we present a linear stability analysis. We also include two fundamental physical processes that have been ignored in previous work: the specificities of the two-fluid equations compared to the single-fluid approximation, and the potentially destabilizing effect of radiative cooling by the reduction of the buoyancy of fluid motions. From these results we are able to compare the conditions for onset of gravitational and shearing instabilities for various dustto-gas surface density ratios and nebular structures. We confirm previous findings that during the dust sedimentation, the shearing instability occurs prior to the gravitational instability unless the disk is grossly enriched up to a level where the surface density of grains is comparable to that of the gas. Finally, we discuss the implications of these results with respect to theories of planetesimal formation and observations of protoplanetary disks.
INTRODUCTION

Observational Context
The discovery of extrasolar planets around 10% of the targeted stars indicates that the formation of Jupiter-mass planets is a robust process (Marcy et al. 2000) . According to the conventional core accretion scenario (Pollack et al. 1996) , protoplanetary formation involves first the condensation and coagulation of dust grains, their assemblage into planetesimals and later into solid protoplanetary cores, and finally accretion of the remaining gas onto these cores.
Because of its high initial specific angular momentum (Goodman et al. 1993) , gas is accreted onto young stars from their progenitor molecular clouds via protostellar disks (Shu et al. 1987) . Most of the mass is accreted onto the young stellar objects while they are in the embedded phase (Hartmann et al. 1993) . At later stages, rich reservoirs of dust particles are found in protoplanetary disks around nearly all T Tauri stars in clusters with ages of a few million years or less (Prosser et al. 1994) . The observed decline in intensities of the IR excess and millimeter continuum on the timescale disk of a few million years (Haisch et al. 2001; Beckwith 1999) places an upper limit on the dust growth or sedimentation timescales, and further observations suggest that the typical size of dust particles indeed appears to increase on a similar timescale (D'Alessio et al. 2001; Shuping et al. 2003; McCabe et al. 2003) .
Dust growth is an essential step in retaining heavy elements in the form of planetary building blocks (Weidenschilling & Cuzzi 1993) . The surface density of residual solid material determines the growth rate and limiting masses of protoplanetary cores (Safronov 1969; Lissauer 1987 ; Kokubo & Ida 2002) . Since Jovian planets must form in a gaseous environment, their emergence in disks with a diminishing gas content places a lower limit on the efficiency of dust retention. Indeed, although the evolution of gas and dust is regulated by different physical processes, the gas accretion rate onto young stellar objects is also observed to decline on the timescale of a few million years (Calvet et al. 2000) . The formation of Jupiter within this limited timescale requires a minimum fraction (2%; Hayashi et al. 1985) of all the heavy elements that pass through the disks to be retained by them (Pollack et al. 1996; Ida & Lin 2004) . However, an overefficient retention of heavy elements in these disks would lead to a metal deficiency in their host stars. The metallicity of solar-type stars in the young Pleiades cluster is remarkably homogeneous (Wilden et al. 2002) : the lack of metallicity dispersion in these stars not only implies that their progenitor cloud is chemically well mixed but also places a 5% upper limit in the retention (by the disks) efficiency of heavy elements. These observational signatures pose two fundamental theoretical issues: (1) how do grains evolve into planetesimals and eventually protoplanetary cores within the observably inferred available timescale, and (2) what fraction of heavy elements processed through the disk is eventually retained by the planets?
Dust-Gas Interaction and Two-Fluid Description
In protoplanetary disks, some of the important physical processes that govern the evolution of dust particles include their growth through condensation and coagulation, erosion through sublimation and collisional fragmentation, acceleration due to photon scattering and radiation pressure, photoionization, and interaction with magnetic fields. However, the dominant effect on the evolution of particles in a minimum mass solar nebula is their interaction with the disk gas through drag. Reciprocally the motion of the gas itself is also affected by conductive heat transport and by the dynamical drag of the particles.
The drag force exerted by the gas on a dust particle depends on the size of the particle l (where l actually denotes its radius) compared to the mean free path of the gas k (Whipple 1972 ). In the case in which lTk (or equivalently for large Knudsen number K ¼ k=l), this drag can be seen as the result of random collisions of gas molecules with the dust particle. This limit is the Epstein regime, for which the drag force on a particle of mass m p can be written as
In this formula, is the ambient gas density, s is the solid mass density of the particle (typically of order 1 g cm À3 for icy aggregates), c is the sound speed, u is the gas velocity, and u p is the particle velocity. In the limit where l 3 k, the dust particle feels the gas as a fluid and experiences a drag force through the wake that it creates. This limit is the Stokes regime, and the drag force depends on the Reynolds number of the particle. In this paper we only consider particles in the Epstein regime, in which case the coupling between the gas and the particles is strong. In order to study the global dynamics resulting from the interaction of dust and gas in protoplanetary disks, it is useful to treat the dust particles collectively and describe them using a fluid-like ensemble-averaged formalism. For the representation of this dust+gas two-fluid flow, we reduce the complexity of the problem greatly by assuming that particles are of a single size, collisionless, and that their only interaction with the gas is through drag. These assumptions are justified provided that (1) the frequency or sticking probability of collisions between particles is sufficiently small such that their coagulation timescale is much longer than any orbital changes that may result from their interaction with the gas through drag (including sedimentation), (2) the regions of the disk under consideration are not exposed to intense external radiation and the particles are charge neutral (so that one may neglect their interaction with the global disk radiation and magnetic fields), and (3) the disk is sufficiently cold to be well below the sublimation temperature and all the condensable molecules are retained by the particles (so that the particles do not grow or evaporate during their evolution in the disk). Condition 1 is discussed in detail in x 5.2.2 and places an upper limit of the size of particles that we are allowed to consider (typically, we require the particles to be rather smaller than 1 cm). Condition 2 is satisfied within the opaque planet-forming domains (between a fraction to a few AU) where the dynamics of the dust particles is not strongly influenced by the radiation pressure and the magnetic field. Condition 3 is satisfied in regions other than the condensation/ sublimation interface so that phase transition does not contribute to the evolution of the dust density.
A useful nondimensional quantity to measure the extent of the dust-gas interaction is the Stokes number S, which is the ratio of the orbital timescale to the settling timescale sedi or, equivalently, the ratio of the stopping timescale s (i.e., the typical time required for a particle, with an initial velocity different from that of the gas, to stop in a frame moving with the gas velocity) to the orbital timescale d . From Garaud et al. (2004) , s ¼ d = s and sedi ¼ s d so that
1=2 is the local Keplerian velocity, with G the gravitational constant, r the distance to the central star, and M the mass of the central star.
In all that follows, we shall always assume that the Stokes number is very small, or equivalently s 31. Hence, we consider only small particles, typically with sizes no larger than 1 cm (see x 5.2.2 and Appendix B). Future work will look at the case of larger particles. Within these approximations, the dynamics of the dust-gas interaction can be reproduced by the following two-fluid equations :
where p is the gas pressure, u p is now the local volumeaveraged velocity of the particles, p is the volume-averaged dust mass density, and È is the gravitational potential (which combines the central star gravitational potential and that of the dust layer). The coupling parameter a is defined as
where a is a given normalizing reference density usually taken to be the midplane density at a particular radius. This choice of normalization (using a instead of s ) emphasizes the symmetry between the particle equations and the gas equations. The global consequences of the dust-gas interaction have been studied by many authors (Adachi et al. 1976; Nakagawa et al. 1986; Weidenschilling & Cuzzi 1993) . In the absence of particles, the azimuthal speed of the gas is sub-Keplerian as a result of a negative pressure gradient. The dust particles, on the other hand, do not directly experience any pressure and, in the absence of gas, would attain Keplerian speeds. Hence, in regions of the disk where the gas dynamics dominates the flow, particles experience a headwind in the azimuthal direction that causes them to lose angular momentum and drift radially toward the star (Whipple 1972; Weidenschilling 1977) , with a radial velocity u p that can be approximated by
for small particles, where
and v K is the Keplerian azimuthal velocity at the radius considered. For a typical minimum solar nebula (see Appendix B), ' 0:004 at 1 AU. The timescale for orbital decay decay ¼ s =( K ) ¼ sedi = ranges from a few hundred orbital periods for meter-size particles to longer than disk for those greater than 1 km in size or smaller than 1 m. However, the growth timescale grow through cohesive collisions for meter-size particles in a minimum mass solar nebula environment is longer than decay such that most of them have a tendency to migrate into their host stars before they can grow into planetesimals. This expectation is inconsistent with the observationally inferred ubiquity of extrasolar planets, and a mechanism must be found to allow particles to grow beyond that critical meter size on a much shorter timescale.
In an attempt to bypass this growth barrier, Goldreich & Ward (1973) noted that dust particles can settle toward the midplane of the disk on a timescale sedi , which is shorter than the orbital decay timescale by a factor of 1/. The dust layer becomes gravitationally unstable when its thickness aspect ratio is reduced below the ratio of its characteristic mass to that of the host star (which is $10 À5 ). Under the action of further gas drag, the dust contained within the most unstable wavelength would congregate into kilometer-size bodies. Although this conjecture provides a mechanism for the rapid formation and efficient retention of heavy elements in the solar nebula, it requires a laminar structure for the background gas flow. Any turbulence in the disk is likely to stir up the grains and prevent their sedimentation (Weidenschilling 1984; Supulver & Lin 2000) .
There are several potential sources for turbulence in accretion disks. Although a magnetorotational instability (Balbus & Hawley 1991) leads to turbulence in partially ionized disks, this mechanism may fail in regions where most protoplanets form because the ionization fraction is too low. As laminar disks contract toward the midplane as a result of radiative losses near their surface, they may become convectively unstable (Lin & Papaloizou 1980) , although some modest surface heating from their host stars can stabilize the flow. Here we consider the alternative possibility (Goldreich & Ward 1973; Adachi et al. 1976; Weidenschilling 1980 ) that the sedimentation of dust particles can spontaneously lead to the onset of a shearing instability and therefore become self-inhibited.
Previous Works on Shear Instability in the Dust Layer
Indeed, the equations in equation (3) suggest that, provided that the drag is strong enough, the azimuthal velocity v of the gas is roughly equal to that of the particles v p and is a weighted average between the Keplerian velocity of the particles alone and the sub-Keplerian velocity of the gas alone:
This equation (Adachi et al. 1976) , which is valid in the limit of infinitely well coupled gas and particles (S ¼ 0), describes the tendency that when the two-fluid system is gas dominated ( 3 p ), its azimuthal velocity is close to the expected subKeplerian velocity of the gas alone, whereas when the fluid is dust dominated ( p 3 ), its azimuthal velocity is close to Keplerian. Consequently, the slow accumulation of dust settling in the midplane of the disk results in a potentially unstable shear layer in that region. Sekiya & Ishitsu (2000) performed the first linear analysis of the stability of the midplane shear using a single-fluid analog to this two-fluid problem, assuming the adiabaticity of the perturbations and a Boussinesq approximation for the stratification of the fluid. Provided that these gross approximations are justified, the linear analysis by Sekiya & Ishitsu (2000) confirms standard expectations by showing that the midplane shear layer becomes unstable when the minimum value of the Richardson number J p defined as
decreases below 0.226 (which compares well to the standard stability criterion, which states that a stratified shear flow is stable unless J p < 1 4 somewhere in the flow). Using this standard Richardson criterion, and with further assumptions on the structure of the resulting turbulent dust layer, Sekiya (1998) showed that for reasonable values of the total dust-to-gas mass ratio (of the order of a few percent) the shear-generated turbulence always prevented settling, whereas for large values of this ratio (of the order of unity) a density cusp can appear, which was then interpreted by Youdin & Shu (2002) as the onset of gravitational instability. Youdin & Shu (2002) and, more recently, Weidenschilling (2003) and Youdin & Chiang (2004) then discussed whether transport properties of particles in a turbulent dust layer could result or not in an accumulation of dust at relatively small radii and thereby increase the total dust-to-gas mass ratio up to the levels required for the onset of gravitational instability. The conclusions on this question seem to depend on both the nebular model and the turbulent stress models used. Looking at later stages of the evolution of the dust layer, Cuzzi et al. (1993) , Champney et al. (1995) , Stepinski & Valageas (1996) , and Dobrovolskis et al. (1999) have studied the effect of turbulence on the settling and radial motion of particles of various sizes, using different parameterizations of the turbulent transport.
Presentation of This Paper's Work
As we begin to recognize just how crucial the key issues of dust growth and dust transport are to planetary formation, it also becomes apparent that many model results obtained in the past can be highly dependent on the set of assumptions used. For this reason, we argue that there is a strong need for a more rigorous analysis of the stability of the dust layer in a protostellar accretion disk and its consequence for dust mixing and growth. Our approach contains only two approximations. The first is the assumption of a single-size population of small particles (which was discussed earlier and is further discussed in x 5.2.2); it enables us to use the two-fluid formulation. The second is the assumption that the gas disk in the absence of particles would be strictly laminar. This assumption is used for several reasons. First, we do not wish to presume of the effect of turbulence on the dust layer evolution through ad hoc parameterizations (which has been done extensively in the past; Dubrulle et al. 1995; Sekiya 1998; Cuzzi et al. 2001; Youdin & Shu 2002) . Second, we wish to study the evolution of the dust layer under conditions that strictly favor potential gravitational instabilities, in such a way that if it is found to be inhibited even under those circumstances, we can definitely rule it out. Using these two assumptions, our work contains four main steps.
First, we extract from the original two-fluid equations the governing equations for the secular evolution of the dust layer flow, as well as those governing the dynamical evolution of small perturbations on that flow. This analysis is presented in x 2. In the formalism we propose, we can study explicitly the influence of the coupling parameter S on the dynamics of the dust layer, through a series of rigorous asymptotic expansions. Although we limit our study to the lowest orders in the asymptotic expansion in S in this paper, (i.e., small particles, large coupling), it could in principle be generalized to study the case of larger particles and in any case can be used to estimate the validity of the small-S expansion performed by ourselves and other authors.
Second, we solve the background equations to obtain a quantitative description of the dust layer prior to the onset of shear or gravitational instability (x 3). We show how to derive an approximate analytical solution of these equations, which we then use in studying the transition from stable to unstable states.
Third, we perform a rigorous analysis of the stability of this evolving dust layer (x 4), without resorting to the standard approximations (adiabatic perturbations, Boussinesq single fluid) that have been used in past works, which enables us to check their applicability (Sekiya 1998; Sekiya & Ishitsu 2000; Youdin & Shu 2002) . In particular, we assess the importance of nonstandard effects such as cooling (which is known to have a destabilizing effect of stratified shear flows), strong stratification (which we show can lead to results that are significantly different from what one may expect from Boussinesq analyses), and the two-fluid character of the flow (which we show can also have a destabilizing effect on the stratified shear flow) and compare the results to previous analyses. We also present results on the effect of nebular structure (polytropic index, total dust-to-gas mass ratio) on the onset of instability. We find that for realistic values of the nebular parameters and for particles within the size range considered, neither cooling nor the two-fluid character of the flow has much effect on the onset of shear instability; this result is, however, not a priori inherent to the flow and depends on subtle balances of various physical effects, discussed in that section.
Finally, we discuss the consequences of the results thus obtained in x 5 with respect to the assumptions used (singlesize particles and laminar flows), and in particular, we discuss the need for future work on the effect of turbulent mixing in the dust layer. For the general readers, the presentation of our results is given in physical terms in the main body of the paper. The detailed mathematical treatments on the extraction of the normal modes are outlined in Appendix A. The thermal and radiative properties of grains, as well as the values of the various timescales of this dynamical system, are discussed in Appendix B. A detailed analysis on the dependent parameters in the shearing instability condition is presented in Appendix C.
DUST-GAS INTERACTION: EXTRACTING THE GOVERNING EQUATIONS
In this section we extract from the governing two-fluid equations in equation (3) two limits of interest: the equations for a slowly settling axisymmetric background flow (x 2.1) and those for the rapid evolution of nonaxisymmetric perturbations on this background (x 2.2).
From here on we use the standard shearing sheet approximation, which consists in assuming that the deviations from pure Keplerian motion are small (Goldreich & Lynden-Bell 1965) . We introduce dimensionless velocities for the gas and the particles, respectively, such that
Expanding the system of equations in equation (3) in a cylindrical coordinate system and rescaling the unit time to t 0 ¼ K t leads to the system
The first term in g(r; z) represents the gradient of the gravitational potential of the central star perpendicular to the midplane, and the second term represents the gravity linked with the dust layer itself. Note that the shearing sheet approximation consists principally in equating (to zeroth order) the radial component of gravity to the centrifugal force, so that none of these terms appear in the equations described by the system given by equation (10). The Coriolis effect, on the other hand, is included in them.
Slowly Settling Background Flow
We adopt a set of ideally defined initial conditions for the disk gas in which we assume that it is initially laminar and in hydrostatic equilibrium with a predetermined temperature profile. When the coupling between the gas and the particles is perfect ( a ! 1), the particles are frozen into the gas and a steady state can be found (Nakagawa et al. 1986 ). However, for finite values of a , a steady state does not exist; the particle layer keeps on settling toward the midplane on the slow timescale sedi . For the sake of simplicity, we shall assume in what follows that a varies very slowly with radius. We also assume that the settling is slow enough for the whole process to be isothermal, which is justified provided that the sedimentation time is much larger than the gas cooling time c ( sedi 3 c ). This assumption is confirmed by the calculations described in Appendix B.
In order to extract the slow-time behavior of the system, we define a small parameter directly related to the Stokes number ¼ 1= a ¼ (= a )S, assume that this parameter is much smaller than (which limits the size of particles for which this assumption is valid to centimeter-size particles at the most; see
(the expansions of these various quantities have been made explicit up to the order that happens to be required in the asymptotic expansion of the equations). The assumption of an isothermal flow implies that p ¼ c 2 =, where is the adiabatic exponent. For a molecular gas composed mainly of hydrogen, we choose to take ¼ 5=3. We also define ¼ t 0 = so that the time derivatives are replaced as @=@t 0 ¼ @=@. Keeping only the lowest order terms in , the two-fluid equations reduce to
where was defined in equation (6). In a standard minimum solar nebula model (see Appendix B) we typically find that ' 0:004 at 1 AU, but this parameter can vary according to the global polytropic index of the nebula.
Some of the variables of this system can be solved for as a function of 0 and p0 :
Expressions for v 1 and v 2 individually cannot be obtained at this order in the expansion of the equations. The evolution equations for v 0 and the two mass continuity equations provide time-dependent equations for the remaining unknowns (e.g., p0 , u p1 , w p1 ).
The equilibrium equations described in the system given by equation (13) recover to some extent the results of Nakagawa et al. (1986) , which were summarized in x 1.2, although we have shown through this asymptotic analysis that they are also valid for a slowly evolving layer. The evolution equations (also similar to those obtained by Dubrulle et al. 1995 without the turbulent transport prescriptions), on the other hand, describe the slow settling of the particles in the midplane, as well as their migration through the disk. The complete resolution of these two-dimensional time-dependent coupled evolution equations is beyond the scope of this paper. However, with some simplifying assumptions, we attempt to solve a subset of these equations in x 3.
Evolution of Perturbations on the Background Flow
In what follows we restrict the analysis to a two-dimensional flow in the (, z)-plane at fixed radius r, so we set the perturbed radial velocity for the gas and particles to beũ ¼ũ p ¼ 0. Indeed, we invoke Squire's theorem (Squire 1933) and the potentially stabilizing effect of the radial distribution of angular momentum in the disk to restrict the perturbation analysis to this two-dimensional cylinder. Moreover, three-dimensional numerical analysis by Ishitsu & Sekiya (2002) for the singlefluid case has revealed little difference between the stability of the two-dimensional flow compared to that of the threedimensional flow. Following this assumption, we now renormalize all distances to that of the local radius r ¼ 1, all velocities (including the sound speed) to the local Keplerian orbital velocity r K (r) ¼ 1, and all densities to the midplane gas density
The background flow (denoted with an overlying straight bar) is taken to be that determined previously (although it contains all orders in , so that w ¼ w 1 þ w 2 : : : and v ¼ v 0 þ v 1 þ : : :), and we perturb it in the following way:
The perturbed quantities are denoted with tildes. The perturbation equations are linearized around the background state, and only the lowest orders in " and are retained. In that case, the background quantities reduce to the zeroth-order quantities determined in the previous section (v ¼ v 0 , w ¼ 0, ¼ 0 , and p ¼ p0 ) and
In this expression, the first term represents the gravity of the central star normal to the disk plane and the second term corresponds to the unperturbed self-gravity of the gas and particles. The self-gravity of the perturbations themselves has been neglected. This assumption is analogous to the wellknown Cowling approximation in the study of stellar pulsations (Cowling 1941) . It is interesting to note that the mass continuity equations can also be cast into more physical forms,
The first of these two equations describes the conservation of the total mass (gas + particles), whereas the second describes how the particles are simply advected by the fluid on this short timescale, so that the total dust content of a parcel of fluid is conserved by fluid motions. The evolution of the perturbations sensitively depends on the state of buoyancy in the vertical direction. Thus, these perturbed dynamical equations must be complemented by a thermal energy equation, as well as an equation of state for the gas. In the standard stratified shear flow analysis the thermal energy equation usually assumes the adiabaticity of the perturbations. However, in the case of a thin accretion disk the gas cooling cannot necessarily be neglected. Indeed, in Appendix B we calculate the cooling time due to dust-radiation interaction and dust-gas interaction and compare it to the typical turnover timescale of perturbations. For most particle sizes, we find that the cooling time is much smaller than the turnover timescale at any radii above 2 AU. Below 2 AU, the perturbations can be considered to be adiabatic. Since cooling reduces the buoyancy of a stratified fluid, it is crucial to take it into account in this stability analysis. In order to simplify the study of the stability problem, we approximate gas cooling effects by Newton cooling such that the entropy-loss rate is scale-free. Following these approximations, we deduce the thermal energy equation:
where s is the (total) entropy of the gas (s ¼ s 0 þs), c p is its heat capacity, and c is the cooling time (in units of
The equation of state for the gas can safely be assumed to be that of a perfect gas. Linearizing around the background state yieldsp
Using this expression with equation (22) enables us to recast the thermal energy equation into a more tractable form, namely,
where p ¼ p 0 þp and ¼ 0 þ. In order to derive this equation, we have used the assumption that the background flow evolves isothermally. We see that in the case in which the perturbations are adiabatic (i.e., in the limit c ! 1), we recover the standard thermal energy equation. In the limit where the perturbations are isothermal (i.e., in the limit c ! 0), we deduce, as expected, thatp ¼ c 2 =.
In the adiabatic limit where we also require c 2 ! 1 (i.e., the commonly used Boussinesq limit), then D=Dt ¼ 0, which, combined with the mass continuity equation, yields the well-known ''incompressible limit'' as : = u ¼ 0.
If we assume adiabaticity and look at equations (15), (16), and (20) only, we find that the mathematical system resembles closely that which one would obtain in a standard stratified shear analysis (i.e., for a single fluid), with a density distribution 0 þ p0 and a shear v 0 (z). This resemblance prompted Sekiya (1998) and Youdin & Shu (2002) to make use of the Richardson criterion (as given by eq.
[8]) in order to assess the stability of the dust layer. We see from the full system, however, that several important deviations from the textbook case occur: (1) The pressure term in equation (24) is not related to the total density þ p but only to the gas density. Thus, the single-fluid analogy to the stratified shear stability problem fails on this count. (2) Even if the single-fluid analogy was correct, or at least approximately correct, the flow is strongly stratified: the typical scale height of the total density is comparable to the width of the midplane velocity jet. There is no a priori reason why the Boussinesq approximation should apply in that case, and the Richardson criterion described in equation (8) is not necessarily relevant to this problem. A modified Richardson criterion should be applied. (3) Finally, the effect of cooling on the stability properties of the flow could be crucial.
Potentially, the combination of these factors leads to a significantly different type of behavior for the dust layer, which requires a more thorough mathematical analysis than what has been proposed in earlier papers. Such an analysis is presented in x 4.
BACKGROUND EVOLUTION
This section presents numerical and analytical results on the time-dependent evolution of the slowly settling dust layer, within the specific assumptions that the dust layer remains laminar at all times and that the dynamics of the fluid can be adequately represented by such a slow-time expansion as was performed in x 2.1. As such, the results presented here are only valid in a laminar disk, within the period of time before the accumulation of dust near the midplane has led to the onset of either shear instability or gravitational collapse.
Within these assumptions, the equations describing the evolution of the background are given by equation (12). The detailed resolution of these equations for the variables (v 0 , u 1 , u p1 , w 1 , w p1 , 0 , p0 ) for a variety of initial conditions is beyond the scope of this paper and is not our principal interest. Rather, we wish to extract from those equations a global behavior of the system that is independent of the initial conditions and can be used easily in further studies of the stability of the dust layer. To this end, we begin by assuming that we can neglect radial gradients compared to vertical gradients. In that case, we see that explicit variations in r disappear altogether. Within this approximation we renormalize the distances to r ¼ 1 and the velocities (including the sound speed) to r K ¼ 1. The following simplified system then describes the evolution of the dust layer in the vertical direction:
where 0 is dimensionless and a is taken to be a standard gas density within the midplane at the distance from the central star considered. This third-order system requires three boundary conditions. Symmetry considerations imply that the vertical velocity vanishes at the midplane. The outer boundary is chosen at an arbitrarily large distance from the midplane, with the only requirement that p0 ¼ 0 on the boundary (i.e., the dust layer is localized in space). Finally, we assume that the interstellar gas constitutes an infinite reservoir of gas with a uniform density 1 and match the hydrostatic equilibrium density profile (in the absence of dust) to this value at infinity.
Initial conditions must satisfy the hydrostatic equilibrium equation (27) for the integration to have any meaning. We fix the initial particle density distribution and initial velocity distribution to be, for instance,
In most planet-forming regions of the disk, the sedimentation timescale is much smaller than the timescale for new supply of gas and dust to free-fall from the star-forming clouds to the disk. Hence, provided that p0 ¼ 0 at large z, the surface density of the dust AE p R 1 À1 p0 (z; ) dz is independent of time (according to eq. [26]). We also assume that the particles are indestructible and cannot be created (through condensation from the nebular gas). Within these approximations, the midplane particle density at ¼ 0 can be related to AE p as
where AE g is the surface density of the gas within the disk and H is the disk scale height. The initial density scale height of the particles Á 0 is chosen to be sufficiently large for the flow to be initially stable to both shear and gravitational instabilities. The initial gas density distribution is calculated from equation (27), normalizing the gas density at the origin to unity [ 0 (z ¼ 0; ¼ 0) ¼ 1]. This defines 1 uniquely. This setup is used as an initial condition for the following simulations.
Numerical Results: Example of a Minimum Solar Nebula
Dust Layer at 1 AU The numerical method of integration of equations (25)-(28) uses a time-dependent Newton-Raphson algorithm (which is a fully implicit scheme), centered in space and center forward in time to ensure stability. As an example of initial conditions, we choose the normalized density and scale height [in units of 0 (z ¼ 0; ¼ 0) and r] to be d 0 ¼ 0:1 and Á 0 ¼ 0:1c= K r ¼ 0:01, respectively. These values ensure that the surface density of particles is about 1% of the surface density of gas, which corresponds to a minimum solar nebula (Hayashi et al. 1985) . Finally, we choose the local radius to be 10 AU, which fixes the ratio
with values of a and 2 K extracted from the minimum solar nebula model described in Appendix B.
The evolution of the dust layer with time, for various relevant quantities, is shown in Figure 1 . In general, we note three phases of evolution:
1. A rapid adjustment phase (for T1). 2. A slow self-similar settling phase, as long as the selfgravity of the layer is negligible.
3. The onset of a gravitational collapse phase.
We emphasize here again that this numerical solution is only valid in a laminar disk and would have to be described by another set of equations should shear instability set in Dubrulle et al. 1995) . Moreover, it cannot in practice describe the collapse phase; we only followed the simulations up to the onset of collapse as an indication of the point at which the system of equations used begins to fail, rather than as a study of the collapse phase itself. Figure 1a shows the evolution of the gas density profile as a function of time. At all times, 0 satisfies the hydrostatic balance condition given by equation (27); this equation describes how in regions of low particle density, the gas density profile is the standard isothermal atmosphere stratification, but in regions of high particle density, the gas density is correspondingly increased to support the weight of the particles. In practice, however, the gas profile remains roughly the same at all times, since by the time the particles have settled and their density has increased by 2 or 3 orders of magnitude, they are already localized in regions of weak gravity so that their combined weight is negligible. Figure 1b shows the evolution of the dust density profile with time. We notice that there are two distinct regimes: a selfsimilar phase up to ¼ 5 roughly, and a collapse phase for > 5. In the self-similar phase, the dust density profile remains Gaussian but with a width and an amplitude that evolve with time (in such a way as to conserve total dust mass). In x 3.2 we prove this result with an analytical description of the settling. In the collapse phase, a cusp rapidly appears in the dust density profile. Figure 1c shows the evolution of the vertical velocity of the gas. Note how the vertical velocities decrease steadily with time, which corresponds to the gas profile converging to an isothermal profile outside of the steadily shrinking dust layer.
This result permits us to neglect w 1 in the following analytical descriptions of the dust layer. One can easily deduce the vertical velocity of the dust component by setting w 1 ¼ 0 in equation (13).
Finally, Figure 1d shows the evolution of the azimuthal velocity of the gas-particle fluid. As expected, the accumulation of particles near the midplane accelerates the fluid to nearKeplerian velocities (i.e., v 0 ¼ v p0 ' 0 in the local Keplerian reference frame). While exploring the parameter space, we noted that the shape of the azimuthal velocity profile depends quite strongly on the initial conditions: the larger the initial dust-to-gas mass ratio (proportional to d 0 ), the more ''boxed'' the profile. This dependence can potentially have some important consequences on the resulting shear instability and the type of mixing we can expect within the layer: a boxed profile is more likely to sustain localized mixing in regions of large shear, with very little mixing near the midplane. A smoother profile is more likely to lead to an overall mixing of the dust layer.
Analytical Description of the Self-Similar Phase
From these numerical results, we note that after a brief adjustment period (a variety of numerical experiments not described here show that this period depends on the initial particle density to gas density ratio, and to the initial gas velocity), the dust layer appears to follow a self-similar evolution, until the onset of shear instability or of the collapse phase (whichever comes first). This pattern, in fact, corresponds to the solution of equations (25)- (27) when (1) the gas velocity is negligible compared to g/ 0 , (2) the gas content is roughly constant in time and isothermally stratified (which follows naturally from condition 1), and (3) g(z) ' z (which is a good approximation before the onset of collapse). In that case, the evolution of the dust is controlled by a reduced form of equation (26) such that
In the limit of small z, 0 can be considered to be constant
' z this calculation can be performed analytically:
This expression describes as expected a self-similar settling solution with constant total dust mass content; it reproduces the dust settling solution presented by Garaud et al. (2004) and compares well with the results of the numerical solutions. Indeed, if we replot the results shown in Figure 1 for the evolution of the particle density profile and rescale the amplitude of the particle density by a factor of exp (À) and the distance to the midplane by a factor of exp (), we see in Figure 2 that the density profiles at different times are well described by a single shape, until the beginning of the gravitational collapse phase. This result can also be seen in Figure 3 for various other initial conditions.
Onset of the Collapse Phase
Although most previous works (Sekiya 1998 and others) , as well as the results shown in x 4, show that it is unlikely to happen, in the event that the dust layer remains laminar throughout its settling phase, we are able to deduce from the numerical simulations the conditions that precede the onset of gravitational instability. Youdin & Shu (2002) noted that ''precipitation'' of the dust+gas layer occurs when the selfgravity of the layer is of the same order as the vertical component of the central star gravity:
Although our argument is essentially different (being based on a two-fluid approach), we confirm this result despite the differential sedimentation between the dust and the gas. In Figure 3 we show both the midplane density and the midplane ratio of the self-gravity of the dust to the central star gravity g dust /g star : the dust layer evolution is well approximated by the analytical expression for self-similar evolution given by equation (33) up to the point where g dust =g star ¼ O(1). Beyond that point, the central density increases by several orders of magnitude within a very short interval of , which means that the mathematical formalism used to describe the dust layer evolution fails past that point.
STABILITY ANALYSIS OF THE DUST LAYER
In the previous section we studied the evolutionary behavior of the dust layer and found that it undergoes slow continuous settling on a timescale sedi . In this section we study the stability of the shear in the azimuthal velocity profile that results from the dust accumulation near the midplane and assess whether nonaxisymmetric perturbations would grow rapidly enough to halt the dust settling phase. If the onset of shearing instability occurs after the midplane density of the dust p (0) becomes greater than c ¼ 2 K =4G, we assume that gravitational collapse would occur so rapidly that no amount of turbulence could prevent it. Previous analyses of the dust layer shear instability, such as the one performed by Sekiya (1998) , usually assume that the mixture of dust and gas can be considered to be a single fluid and that perturbations are adiabatic. We question these assumptions, and in the present section we look in turn at the various nonstandard effects resulting from cooling and from the two-fluid character of the flow.
In x 4.1 we present a brief introduction and a summary of known results on standard stratified shear instability. In x 4.2 we study the effects of compressibility, strong stratification (in cases where the typical scale height of the shear is similar to that of the density), and cooling on a single stratified fluid. Although this limit is not a priori directly relevant to the stability of a protoplanetary dust layer, it provides a reference point for comparison with results of the two-fluid analysis. The reader familiar with the stability properties of stratified shear flows may skip xx 4.1 and 4.2. In x 4.3 we solve the twofluid perturbation equations and quantify in which ways the stability properties of the two-fluid system deviate from that of a single fluid. In x 4.4 we study briefly an example of a realistic evolving dust layer (as obtained from the background evolution calculations of x 3), and in x 4.5 we apply the stability analysis to a wide range of nebular structures (varying the gas polytropic index and total metallicity content) and determine in each case the critical thickness of the layer below which it is found to be unstable to shear instability. Finally, in x 4.6 we attempt to explain qualitatively why cooling is found to have very little effect on a two-fluid shear flow while it is of paramount importance to the stability of a single-fluid shear flow.
Analysis of a Stratified Shear Flow without Particles
In this section we depart slightly from the problem at hand and study a much simplified flow structure, with
The density stratification is taken to be that of an isothermal atmosphere in a variable gravity g(z), and the velocity is taken to be that of the Bickley jet (i.e., a sech 2 profile) with typical scale height Á. In this section we neglect the self-gravity of the dust layer and only consider flows with g ¼ z. We choose this particular velocity profile (shown in Fig. 4) as it has been studied extensively in the past (Banks et al. 1976; Drazin et al. 1979; Balmforth & Piccolo 2001 ) and provides some scope for analytical work. The numerical procedure for the extraction of the normal modes of instability of the problems described in this section is outlined in Appendix A.
Stability Analysis Using the Boussinesq Approximation
The study of the stability of stratified shear flows (as, for example, the one described above) has given rise to a very large literature of both theoretical and experimental works. The vast majority of those are usually concerned with Earthrelated fluids (atmosphere and ocean); as a result, some approximations that are directly related to the nature of those fluids have become standard. It is important, however, to keep in mind the approximated nature of the results when trying to apply them to fluids with properties that are significantly different from the more thoroughly investigated and better known Earth-bound ones.
Standard stratified shear flow analysis (see, for example, the review by Drazin & Reid 1981, p. 320) usually assumes that the density stratification is weak (so that the Boussinesq approximation can be used, i.e., the fluid is assumed to be incompressible and background density variations are assumed to be very small) and that the motions are adiabatic. The Boussinesq formalism has been used in the context of protoplanetary dust layers by Sekiya & Ishitsu (2000) , for instance. These approximations lead to the following perturbation equations:
where tildes refer to perturbed quantities and the index 0 refers to background quantities. Ifũ ¼ (0;ṽ;w) andw 1 w exp (im À im!t), successive eliminations of the other variables and additional assumptions on the slow variation of 0 result in the well-known Taylor-Goldstein equation
where primes denote derivatives with respect to the vertical coordinate z and Miles (1961) and Howard (1961) showed rigorously that a sufficient condition for stability [i.e., Im(!) < 0] is that everywhere in the flow; this condition is commonly described as the Richardson criterion. For clarity, whenever there may be confusion we shall from now on refer to this criterion based on the density stratification as the density Richardson criterion.
Stability Analysis Using the Anelastic Approximation
The validity of this Boussinesq analysis and of the corresponding density Richardson criterion is limited to very weak stratifications and incompressible fluids. In the case of compressible fluids, or fluids for which the shear scale height is comparable to the density scale height, this formulation can no longer be applied and one must use its generalized form. Provided that the maximum jet velocity a is much smaller than the local sound speed, the fully compressible equations can be simplified through the anelastic approximation (which consists precisely in filtering out the sound waves). The corresponding system of equations, in this case, is
where we still assume adiabaticity for the time being. Defining W ¼ 0w ¼Ŵ exp (im À im!t), we obtain the anelastic equivalent of the Taylor-Goldstein equation:
In that case, the stability criterion is slightly modified: adiabatic perturbations on a fully compressible stratified shear flow decay provided
everywhere in the flow. We refer to Ri as the entropy Richardson number and this stability condition as the entropy Richardson criterion, since it is based on the background entropy gradient. This criterion has been rigorously demonstrated by Chimonas (1970) . In the case of an isothermal atmosphere, the discrepancy between the two criteria is significant, since
for a ¼ 5=3 gas. Hence, using the density Richardson criterion could lead to an erroneous estimation of the stability of the fluid: compressibility is found to destabilize the flow (see also x 4.3.1). In any case, we stress that the Richardson criterion is only a necessary condition for instability, and there exists a wealth of examples of stable flows with Ri < 1 4 in a wide region of fluid (Howard & Maslowe 1973) .
For the sake of simplicity, in what follows we define the minimum Richardson number of the flow as
For the profile described in equation (35) we have
Although flows with different Richardson number profiles Ri(z) but the same Ri Ã could behave rather differently, we shall simplify the following discussion by only referring to Ri Ã .
Analysis of the Stratified Bickley Jet for a Single Fluid with Strong Stratification and Cooling
Numerical Solution of the Perturbed Equations
In this section we study the behavior of perturbations on the flow described in equation (35) for a variety of parameters and extract the generic behavior of this kind of system. The perturbation equations are solved using the numerical method described in Appendix B, under the boundary conditions described there. Figure 5 shows the results of the stability analysis of Bickley jet flow with Á ¼ 0:0003 (in units of the local radius r) and Ri Ã ¼ 10 À5 . We show the imaginary part of the mode eigenvalue, which is related to the growth rate as
For this particular flow the jet is very thin compared to the local density scale height, and since gravity is negligible near the midplane in the g ¼ z case, we expect the stratification to affect only modes of large vertical extent (low-m modes). Consequently, much of the well-known results specific to unstratified shear flows can explain some of the features observable in this stratified flow. For instance, we only find 1 two branches of unstable modes, the even branch [Ŵ (z) 1 W (Àz)], which corresponds to the sinuous mode, and the odd branch [Ŵ (z) ¼ ÀŴ (Àz)], which corresponds to the varicose mode. This is related to Howard's proof that the number of unstable branches in an unstratified shear flow is at most equal to the number of inflexion points in the flow (Howard 1961) . Comparison between the stratified case (with g ¼ z) and the unstratified case (with g ¼ 0) shows that modes with high m are unaffected by stratification, as expected. As a corollary, the well-known small-wavelength cutoff for unstable modes found in unstratified shear flows is also reproduced here (in the Bikley jet, at m ¼ 1=Á for the odd modes and m ¼ 2=Á for the even modes). The most unstable mode has a wavelength typically of the order of 2Á, and the vertical mixing resulting from the perturbation affects the whole jet. Howard's (1961) semicircle theorem (applicable to stratified flows provided that N 2 ! 0 everywhere in the flow) suggests that the typical turnover timescale <(m!) À1 for the perturbations is of the order of the shear timescale, namely,
where v max is the maximum value of v 0 (z) and v min its minimum value. The stability analysis described above and shown by a solid line in Figure 5 was performed using the anelastic formalism. For comparison we also show the results of the stability analysis using the Boussinesq formalism. As expected, the results only differ when the extent of the fluid motion becomes comparable to the typical density scale height, namely, for low-m modes. For those modes, the Boussinesq approximation (which assumes that the fluid is incompressible) leads to an understimate of the instability of the fluid, as expected.
Range of Unstable Azimuthal Wavenumber as a Function of Flow Structure
Next we look at the effect of the flow geometry (or, more precisely, of the jet thickness) on its stability, while keeping the minimum Richardson number Ri Ã ¼ 10 À5 constant; the results are presented in Figure 6 . In the case of a thin jet, the growth rate [i.e., m=(!)] profile as a function of azimuthal wavenumber is more or less independent of the actual behavior of the density profile and of gravity far from the midplane. The maximum growth rate depends mostly on the maximum velocity of the jet (see Howard's semicircle theorem; Howard 1961 ) and occurs at the same wavelength proportional to the jet thickness. This invariance is broken when the shear scale height approaches the density scale height. In that case, the growth rate begins to depend on the variation of the density within the jet, and crucially, when the jet thickness is of order of the density scale height, the instability is suppressed despite the fact that the Richardson number is well below 1 4 . Although we do not have any rigorous explanation for this effect, we attribute it to the same class of phenomena that result in the linear stability of a linear incompressible inviscid shear flow: an internal constraint on the type of perturbations allowed keeps them from extracting enough (if any at all) kinetic energy from the background flow. Therefore, as in the incompressible linear shear flow case, it is not improbable that either a very small amount of viscosity or nonlinear effects can act in such a way as to release this constraint and effectively act to destabilize the flow. However, following up on this remark is beyond the scope of this paper.
The Effect of Cooling on a Single Fluid
If a volume of fluid is moved vertically and adiabatically in a stably stratified background, it acquires a positive or negative buoyancy relative to the background that acts as a restoring force against the motion. If this volume of fluid is allowed to exchange thermal energy with the background, the usual buoyancy force can be greatly reduced, thereby allowing the fluid to move more freely than in the adiabatic case. This effect was discussed already by Townsend (1958) with regard to the effect of radiative transfer in fully turbulent stratified flows. Dudis & Traugott (1974) and Zahn (1974) both suggested a new criterion for the stability of stratified shear flows (for optically thick media) in the presence of cooling, which states that the flow is stabilized when
where cool is the cooling time associated with the relevant perturbation length scale and to is the turnover time of the perturbations. Hence, we expect that the effect of strong cooling is to decrease the stability of the fluid (since the associated critical Richardson number for instability is increased by a factor of the order of to / cool ). We now test this criterion on the flow described in equation (35).
In the presence of Newton cooling ( cool ¼ c and c is defined here in units of d ), the equations describing the evolution of anelastic perturbations are 
The normal mode analysis is performed in the same way as for the adiabatic case, and the boundary conditions at infinity are modified to accommodate for the effect of cooling (see Appendix A). As expected, cooling decreases the buoyancy restoring force and enables perturbations to grow in flows that would otherwise be stable to adiabatic perturbations. For instance, Figure 7 shows the growth rates of unstable modes for various values of the cooling time for a flow with Ri Ã ¼ 0:3 (which is unconditionally stable to adiabatic perturbations) in a thin jet (Á ¼ 0:0003). When the cooling time is of the order of the orbital time, the perturbations are near-isothermal, and the growth curve is very similar to the growth curve for an unstratified shear flow: the buoyancy effects are negligible. As the cooling time is increased to a few hundred times the orbital period, the instability is strongly suppressed. This limit corresponds to the case when the cooling time becomes of the order of the turnover time of the instability, which is itself comparable to (mv max )
À1 (see eq.
[47] with v min ¼ 0). Since m is typically of the order of 1/Á and v max ¼ a in the case of the flow studied, we estimate the turnover time to be to $ 3 ; 10 2 d (using Á ¼ 0:0003, Ri Ã ¼ 0:3 and using eq.
[44] to determine that a ¼ 10 À6 v K ). Hence, the results presented in Figure 7 confirm that the flow is destabilized when the cooling time becomes smaller than the turnover time, despite a large Ri number.
When studying more realistic dust layer profiles, we usually find that v max À v min ¼ O() so that the turnover time of perturbations is of the order of Á/. Thus, we expect cooling effects to become important typically when c Á= (in dimensionless terms). In Appendix B we study in more detail the cooling associated with the dust-gas interaction and the dust-radiation interaction, which enables us to quantify that statement. We typically find that the cooling time is much smaller than the turnover time for perturbations at r > 2 AU, independently of the dust layer thickness.
Note that further numerical analyses showed that, as in the adiabatic case with very low Richardson number, isothermal perturbations on a shear flow are stabilized when the background shear scale height becomes comparable to the background density scale height. This result is linked, as before, to the fact that internal constraints independent of buoyancy effects prevent perturbations from extracting the available kinetic energy from the background flow.
Analysis of a Two-Fluid Stratified Shear Flow
We now turn to the calculation of the normal modes of perturbations in the two-fluid formalism given by equations (15)- (18) and (24). In what follows the background flow in the two-fluid system has an azimuthal velocity that is directly related to the local density of particles:
(see eq.
[13]). We begin this section by comparing the stability of a two-fluid system to that of a single-fluid system, with the velocity profile used in x 4.1 (the Bickley jet) and the same total density profile in both cases. This enables us to isolate precisely what nonstandard effects can be expected in the study of a two-fluid stratified shear flow.
Comparison of the Single-Fluid and Two-Fluid Systems for a Given Shear Profile
A background flow with a given velocity profile v 0 (z) has been created by a particle density profile and gas density profile
For varying gravity g(z) ¼ z and a velocity profile given by equation (35), these equations are integrated numerically to obtain 0 (z) and p0 (z). The perturbation equations are expanded into normal modes using q ¼q exp (im À im!t) for any quantity q and the resulting eigensystem is solved with a Newton-Raphson integrator, with appropriate boundary conditions (see Appendix A). If we consider two fluids with the same shear profile and the same ''total'' background density profile [and thus the same profile J (z) ¼ J p (z)], the principal difference between the single-fluid and the two-fluid equations would reside in the connection between the pressure and density fluctuations. In the case of a single fluid, it is given by the thermal energy equation combined with the equation of state, whereas in the two-fluid case, it must also be combined with the equation for the conservation of mass of the particles. In order to test the effect this discrepancy has on the resulting stability of the flow, we perform a numerical experiment in which the jet thickness is fixed (Á ¼ 0:0003), motions are assumed to be adiabatic, and the total density of the fluid is taken to be the same for the single-fluid and the two-fluid case (in order to do this, one must drop the assumption of an isothermally stratified atmosphere in the single-fluid case). The results are presented in Figure 8 , for different jet amplitudes and therefore different particle-to-gas mass ratios. The experiment shows that, as expected, the discrepancy is very small when the particle mass fraction is low but becomes important as the particle mass fraction is comparable to the gas mass fraction. We note that the two-fluid flow is globally more unstable than a single-fluid flow despite the fact that the total density and velocity profiles are exactly the same. In order to understand this phenomenon more physically, we recall that we are studying the case of a strongly stratified compressible fluid. In a single fluid, when a parcel of gas is displaced upward, the difference between its internal density and the ambient density is reduced compared to the incompressible case by the fact that the parcel expands to adjust to the ambient pressure. Thus, the stabilizing effect of the fluid stratification is weakened, which can be seen mathematically by the fact that
where n is defined in equation (38) and corresponds to buoyancy frequency in the incompressible case and N is defined in equation (42) and corresponds to the buoyancy frequency in the compressible case. In the case in which particles are present, we expect the compressibility effect to be even stronger, since the mass fraction of the particles themselves does not contribute to the pressure: a parcel of the two-fluid system with particle density p and gas density is intrinsically more compressible than a parcel of the single-fluid system with the same total density þ p .
In order to quantify that statement, we attempt to derive an equivalent buoyancy frequency and an equivalent Richardson criterion using the analogy of the two-fluid equations with most of the single-fluid equations and recasting the thermal energy equation for the gas in a form that makes it take into account the total density perturbations. Expanding the adiabatic approximation to the thermal energy equation into normal modes yields
Combining this with the particle mass conservation equation
and the anelastic gas mass conservation equation
which can be recast into the form
provided that we define a new buoyancy frequency
The comparison between equations (42) and (58) indicates that the main difference between the single-fluid and two-fluid approximations is reflected in the last term on the right-hand side of equation (58), which always acts to reduce the buoyancy of the fluid (because of the increase in compressibility of the fluid), as we predicted qualitatively (N 2 > N 2 p ). If we ignore for a moment the fact that we have used an anelastic approximation to the fully compressible equations to perform these operations, the combination of equation (57) with equations (15), (16), and (20) (which is for fully compressible fluids) yields a system that is now in all points mathematically identical to the single-fluid stratified shear flow problem described in x 4.1. It is therefore tempting to deduce from there an equivalent Richardson criterion, which would state that the two-fluid flow is stable provided that
as a function of azimuthal wavenumber for realistic total density profiles. The solid line shows the profiles obtained solving the two-fluid perturbation equations, for varying total jet amplitude (a ¼ 0:01, 0.1, and 0.99) but fixed jet thickness. Note that varying the jet amplitude is equivalent to varying the total dust particle mass content of the layer. The markers show the profiles obtained solving the single-fluid equations, with the same jet amplitude and a density profile equal to the total density profile of the two-fluid system. The coding is filled triangles for a ¼ 0:99, filled squares for a ¼ 0:1, and filled circles for a ¼ 0:01. Note that the discrepancy between the single-fluid and two-fluid systems is negligible when the particle-to-gas mass ratio is small. everywhere in the flow, where N 2 p is defined in equation (58). Note that, since N 2 p is smaller than N 2 , the two-fluid flow is always globally less stable than that inferred from the onefluid approximation.
It turns out, however, that for most applications relevant to protostellar disks (i.e., within the range of parameters used to obtain realistic dust layer profiles in x 4.5),
to within 10%. The discrepancy increases with particle-to-gas mass ratio and dust layer thickness (i.e., when the total density scale height decreases). Note that there exist background flows with J Ã p ' 0:27 that are found to be unstable, whereas Ri Ã p always remains below 1 4 for all unstable flows; this suggests that Ri p should be the favored Richardson number for the study of two-fluid flow stability rather than Ri or J p . However, the near equality given by equation (60) suggests that, provided that the perturbations can be assumed to be adiabatic, the criterion used by Sekiya (1998) and Youdin & Shu (2002) is indeed a reasonable approximation to apply (with the usual caveat that it is only a necessary condition for instability but does not imply instability). In any case, we believe that these results are not a priori straightforward and merited a more careful derivation than what had been assumed in the past.
Analysis of the Stability of Evolving Dust Layers
We gather the experience gained in the study of the idealized Bickley jet problem and set to apply it to the case of a more realistic settling dust layer profile. We found in x 3.1 that despite the presence of particles, the background gas density profile is well approximated by an isothermal layer at all times
where we have implicitly normalized the densities to the gas density at the midplane. The particle density profile can be taken to be
up to the onset of shear instability or of gravitational collapse. We are not interested in profiles beyond that point, since in the first case turbulent momentum transport and particle diffusion would significantly change the dust layer structure and velocity profile, and in the second case the collapse would occur much more rapidly than the development of shear instability. The azimuthal velocity profile is found by applying equation (50). We perform a numerical study of the stability of this background flow and compare the results for a realistic cooling (with the cooling time determined in Appendix B) and for adiabatic perturbations. We include the component of gravity coming from dust accumulation in the midplane.
As a first example, we choose to take Á 0 ¼ c ¼ 0:1 and d 0 ¼ 0:01 at a radial position r ¼ 1 AU, with a nebular structure such that ¼ 0:002. This corresponds to a situation where the initial dust profile has the same scale height as the isothermal gas profile and slowly settles from there on. The total particle-to-gas mass ratio is constant and equal to
For < 5:6, the dust layer is found to be stable. Beyond that point, there exist normal modes of instability with nonzero growth rates. Since the passage from a stable configuration through to an unstable configuration is continuous [i.e., =(!) is a continuous function of ], we can assume that the layer continues settling up to the point where the typical growth timescale of the eddies is comparable to the settling timescale. To estimate the dust layer thickness corresponding to that point, we evaluate the growth rates of instability for some interval of the slow time past the onset of shear instability. Figure 9 shows that the growth rates increase steadily as the dust layer sediments, and we note a slight shift in the wavelength m Ã of the most unstable mode compared to the width of the jet. However, by and large it is well approximated by m Ã ¼ 0:5=Á() near the onset of instability, where Á() ¼ Á 0 exp (À ). Note that as in the single-fluid case, the odd modes are always found to be more stable than the even modes. In Figure 10 we show the variation of the maximum growth rate of the even modes as a function of as a function of Ri Ã p , where
and Ri p is defined in equation (59). In the latter plot, the two panels explore the different limits Ri (which corresponds to decreasing ). From these data, we are able to extract an empirical law governing the growth rate of the modes as a function of Ri Ã p , for example. Indeed, we find that the flow is stabilized for a critical value of the Richardson number Ri Ã p ¼ Ri c ' 0:241, which is a slightly higher value than that found by Sekiya (however, he focused on the odd modes only). For Ri Ã p ! 0:241, we find that the maximum growth rate of the even modes varies more or less as 0:241 À Ri Ã p , whereas for Ri Ã p ! 0, we find that it is related to the maximum amplitude of the jet v max À v min . Hence, we test the empirical fit:
with Ri c ¼ 0:241. Numerically, we find that the best fit is given by ¼ 0:8. The odd modes are always found to be less unstable than the even ones, so we do not attempt to fit their growth rates. Similar numerical experiments for other values of , d 0 , and Á 0 (see below) reveal that the fit is fairly good provided that an appropriate value of Ri c is determined numerically.
The numerical results in Figure 9 and equation (65) indicate that shortly after the onset of the shearing instability, the growth timescale drops very quickly below the sedimentation timescale of the dust. This conclusion justifies a posteriori the assumption of separability of timescales and our derivation of the instantaneous growth rates. It also implies that the assumption of self-similar contraction toward the midplane is essentially terminated when the effective Richardson number is reduced to the critical value, as assumed by previous works.
Dependencies on the Disk Structure
We now explore the parameter space (, d 0 ) (with fixed Á 0 ¼ 0:1) to determine the critical thickness for instability of the dust layer. The parameter d 0 represents the ratio of total dust surface density to total gas surface density, whereas represents the square of the ratio of the sound speed to the Keplerian velocity. The results are shown in Figure 11 . For each point in the parameter space, we have evolved the layer with the slow time and determined the critical thickness Á c (in units of the gas layer thickness H ) below which it becomes unstable to shear. The shaded area represents the region of parameter space in which gravitational instability sets in before shear instability (according to the criterion given by eq.
[34]). The calculated Á c is presented both in the case in which the gravity of the dust layer itself is neglected (solid lines) and when it is taken into account (dashed line). This particular calculation was performed for a radial position r ¼ 1 AU. Farther out in the disk, as a $ r À2:75 and 2 K $ r À3 , the dust layers' own gravity becomes more important. The corresponding shaded area for r ¼ 100 AU can be obtained by translating the one for r ¼ 1 AU downward on Figure 11 by a factor of log (10)=2. However, calculations at r ¼ 100 AU (where the self-gravity of the dust layer is proportionally more important) show that the values of the critical thickness Á c deviate from those at 1 AU at the most by a few percent, so the reader can safely use the dashed lines corresponding to Á c at 1 AU as a good approximation.
The dotted lines show the critical minimum particle Richardson number Ri c corresponding to the transition to instability. As an example, a dust layer at 1 AU with d 0 ¼ 0:01 and ¼ 0:002 (as in the calculation presented in x 4.4) becomes unstable when its thickness decreases below 10 À2.5 H roughly, or equivalently when its minimum particle Richardson number decreases below (roughly) 0.24. For this particular set . The solid lines show the critical values of the dust layer thickness (in units of the gas density scale height) below which it is found to be unstable when the gravity of the dust layer is ignored, and the dashed lines show the same quantity when it is taken into account, at a radial position of 1 AU. The dotted lines show the critical minimum particle Richardson number Ri c corresponding to the transition to instability. The shaded area corresponds to regions where gravitational instability is found to set in before the onset of shear instability. Both fully adiabatic perturbations and isothermal perturbations have been studied, but the resulting critical layer thicknesses are indistinguishable in this plot. of parameters, the difference between the calculations with and without the dust layer's own gravity is negligible, which shows that the shear instability sets in a long time before the gravity of the dust layer itself becomes important. However, this early onset of shearing instability is no longer the case when the surface density ratio of dust to gas mass is increased by 2 orders of magnitude, and we find that the dust layers' own gravity makes a significant difference to the stability of the shear (as found also by Sekiya 1998; Youdin & Shu 2002) .
We attempt to explain the variation of Á c with and d 0 . Not surprisingly, the critical dust layer thickness for instability is directly related to . Indeed, the total amplitude of the shear is proportional to (see eq.
[50]) so we expect a direct correlation between and Á c . On the other hand, we were initially surprised to find little variation with total dust mass (proportional to d 0 ). In Appendix C we show that this apparent insensitivity is actually due to the fact that the region of parameter space explored (with 2½10 À3 ; 10 À1 and d 0 2½10 À3 ; 1) is actually a transition region between two different regimes in which there is a significant variation of Á c with d 0 but in opposite ways. This behavior can be observed in the change of the slope of the solid lines going from À1 in the low-d 0 regions to +2 in the high-d 0 regions.
Insensitivity to Cooling
We have also largely explored the effect of cooling on the stability of the layer. Evidently, the effect of cooling only reduces the buoyancy of the gas, but not that of the particles. Hence, the stability of thin dust layers with a large particle-togas mass ratio is unaffected by cooling. We expect cooling effects to be important only when the gas mass fraction is comparable to the particle mass fraction. However, in those situations, the shear is weak (and therefore likely to be stable, despite the cooling) unless is very large. Therefore, we expect that the only case in which cooling could destabilize the layer is for large and for very thick dust layers in which the particle density is of the order of, or smaller than, the gas density. In practice, however, we find that even those types of layers are stable because in that case the typical density scale height is of the order of the shear scale height, which was a situation found to be intrinsically stable regardless of the cooling (see xx 4.1.1 and 4.2.3). These various effects are illustrated by the fact that the numerically determined critical thickness for shear instability changes by at the most a few percent between the fully adiabatic case ( c ¼ 1) and the fully isothermal case ( c ¼ 0), which are the two extremes between which realistic cooling may lie. Hence, we conclude that cooling effects are actually negligible in determining the stability of the two-fluid system (at least in the parameter space described in Fig. 11 ). Again, we believe that this conclusion was not a priori straightforward and merited the detailed analysis we have presented above.
SUMMARY AND DISCUSSION
Summary of Results
In this paper we revisited the original question of the stability of the dust layer and attempted to establish the validity of the core assumptions of previous works (Sekiya 1998; Sekiya & Ishitsu 2000; Youdin & Shu 2002; Youdin & Chiang 2004) , namely, the adiabaticity of the fluid motions, the Boussinesq approximation, and crucially, the single-fluid approximation. To begin with, we showed how a formal expansion of the standard two-fluid equations can provide selfconsistent descriptions of both the slowly settling background and the rapidly evolving perturbations on that background (see x 2). The only assumption required to perform this expansion is that the settling timescale be much larger than the dynamical timescale (i.e., the particles are very well coupled to the gas) and shorter than their growth timescale. This last point is discussed in x 5.2.2. Despite the strong coupling between the dust and the gas, we noticed that there exist significant differences between the correct perturbation equations and their single-fluid analog as used by Sekiya (1998) . We also stressed that since the shear is created by strong dust accumulation in the midplane, the Boussinesq approximation (which intrinsically assumes that the density scale height is large compared to the shear scale height) was inappropriate, hence the need for a new self-consistent calculation of the dust layer stability to shear.
In order to obtain a reasonably realistic idea of the expected shear and particle density profiles in the midplane before the onset of shear instability, we solved the equations for the slow axisymmetric settling of the dust. Analysis of the numerical simulations (x 3.1) reveals that this settling can be well approximated by a self-similar solution (x 3.2), up to the onset of either shear instability or gravitational collapse. We give in equation (33) an analytical approximation to the evolution of the dust density profile in the self-similar phase, from which all other important quantities can be deduced. Unless shear instability sets in first, we estimated gravitational collapse to begin when the gravitational force exerted by the dust layer itself becomes comparable to that exerted by the central star perpendicular to the midplane (x 3.3), which reproduces the criterion for the onset of collapse used by Youdin & Shu (2002) . We then explored the effects of cooling and strong stratification on the onset of shear instability in the dust layer and compared the single-fluid approximation to the two-fluid problem.
In the idealized case of a single fluid, strong stratification and compressibility change the relevant criterion for instability by introducing an entropy Richardson number Ri (as defined in eq. [42]; see, e.g., Chandrasekhar 1961), and we discussed that compressibility and stratification effects always act to destabilize the flow. Conversely, strong stratification stabilizes the flow in unexpected ways. We found that some flows in which the shear scale height is of the order of the density scale height are stable despite values of the minimum Richardson number Ri Ã (as defined in eq.
[44]) much below 1 4 . We found that cooling strongly reduces the stability of the flow as long as the cooling time is much smaller than the turnover time of the perturbations, which is the case for all perturbations located at radii above 2 AU. Hence, dust layers with large Richardson numbers Ri Ã > 1 4 could in principle be destabilized by cooling in these regions.
The more realistic two-fluid character of the flow increases the effects of compressibility but moderates the effects of cooling. With respect to the two-fluid nature of the flow, we demonstrated this tendency mathematically with the construction of an analog Richardson number Ri p for a two-fluid flow and demonstrated that it was far more accurate in predicting the stability boundary of the flow than its standard single-fluid counterpart. However, we also found that Ri p ' J p for evolved dust layers (i.e., dust layers in which the particle density is comparable to or larger than the gas density), so that within the level of approximation used, we can confirm that the criteria for stability used by Sekiya (1998) and Youdin & Shu (2002) are strictly correct.
Nonetheless, in dust layers with low dust-to-gas mass fractions (i.e., dust layers that have only begun settling) the buoyancy restoring force is greatly reduced by cooling, and the shear (although weaker than in evolved layers) could well be unstable. We tested this hypothesis and found that in that situation the dust layer was actually stabilized against shear not by buoyancy, but by the same mechanism that leads to the stabilization of single-fluid layers with density scale height of the order of the shear scale height. Only for unrealistically large values of the parameter (typically, for ! 0:1), which determines the total amplitude of the shear, did we find the expected linear instability in the unevolved dust layers. This point is discussed further in the next section.
Finally, we evaluated the critical dust layer thickness for shear and gravitational instability for various nebular structures parameterized by the parameters (related to the nebular polytropic index and proportional to the shear amplitude) and d 0 (related to the total dust-to-gas ratio). We found that the critical dust layer thickness for shear instability is of the order of Á c ' H (where H is the gas density scale height) and varies only weakly with total dust mass content for the range of parameters considered. Therefore, as suggested by Youdin & Shu (2002) , only nebular regions with very strongly enhanced dust-to-gas mass ratio are likely to become gravitationally unstable, and the enhancement required decreases slightly with radius away from the central star.
Finally, one interesting consequence of our results (and in particular the relatively weak dependence of Á c /H on radius) is that if turbulence is indeed able to suspend the dust, the diagram provides a direct method for determining the radial variation of the gas temperature from observations of the radial variation of the dust layer thickness and optical depth. Comparisons with actual observations of the temperature profile of the gas, which has been shown to be obtainable by Najita et al. (2003) , for instance, will then reveal whether dust is indeed fully suspended or can settle despite the turbulence.
Discussion of Unresolved Issues
The Stability of Unevolved Dust Layers
We consider the stability of thick dust layers with low particle densities, in the case in which the cooling time is of the order of the orbital time. Linear analysis suggests that such a layer should be stable; however, comparison with single-fluid analysis, with and without cooling, reveals that this stabilizing effect is not linked with buoyancy, as implied by the Richardson criterion, but more likely with internal constraints in the flow that restrict the available range of motions and keep perturbations from extracting kinetic energy from the mean flow. Indeed, if the gas density tends to zero outside of the shear layer, eddies generated in the shear layer must have unrealistically large extents to satisfy : = ( 0 u) ¼ 0 outside of the layer.
Such a stabilization by internal constraints is well known in the case of unstratified linear inviscid shear flow. In that case, the flow is known to be destabilized for finite amplitude perturbations, or in the case in which viscosity is taken into account, i.e., in two situations in which the internal constraint is released. We therefore raise the question of whether such a situation may also occur in unevolved dust layers. If it did, mixing in the dust layer could be expected very early on, thereby preventing any kind of settling. However, we suspect that only a nonlinear analysis of the two-fluid problem could provide a definite answer to that question. This we shall assess in a later publication.
Note that the linear stability of evolved dust layers is unaffected by the same stabilizing process despite the fact that the stratification is very strong. The main reason for that is that in the segregation process, there still remains a lot of gas outside of the particle layer, which can support fluid motions contrary to the single-fluid case.
Particle Collisions and Their Size Distribution
In the analysis presented here we assumed, for computational convenience, that all particles have identical and invariant small sizes (i.e., in the Epstein regime) and that their growth timescale is much larger than the sedimentation timescale during the laminar settling phase.
Particles grow through condensation (which we can neglect in regions far from the ice line) and sticky collisions. The collisions have two possible origins. On the one hand, even in a laminar fluid, particles are thermalized by collisions with the gas molecules and have an average small thermal velocity dispersion p ¼ (m H =m p ) 1=2 c, where m H is the mass of a molecule. The collision timescale corresponding to that mechanism is
where is the sticking efficiency for the collision; if ¼ 1, particles below (roughly) 0.1 mm grow by collisions much faster than they sediment. The second mechanism is through their collisions originating from their differential motion of particles with various sizes (larger particles sediment faster than smaller particles and therefore can sweep them during sedimentation). The growth of a given particle of mass m p and size l is then given bẏ
where n(l ) dl=l 0 is the number of particles with sizes between l and l þ dl, which we approximate by n(l ) ¼ n 0 (l=l 0 ) À with ¼ 3:5 (Mathis et al. 1977) , w(l ) ¼ À(z= s )v K is the sedimentation velocity of a particle at height z (Garaud et al. 2004) , and l min is the smallest possible particle size. We obtain n 0 by requiring that
where l max is the largest possible particle size. The growth timescale of this particle is then given by (using a constant , z ' Á, H=r ¼ c=v K , and l 3 l min )
This growth timescale is a very rough estimate (for instance, we neglected the evolution of the size distribution during the particle growth). Nonetheless, this expression shows that grow; sedi ' (1=Z)(l max =l ) 4À d (where Z ' 0:01 is the metallicity) is always very short unless the sticking efficiency is low. For perfect sticking efficiency, this growth timescale is larger than the settling timescale only for particles larger than centimeter size. Hence, particles can grow up to centimeter sizes before they settle to the midplane (Safronov 1969; Goldreich & Ward 1973) . For a 1% sticking efficiency, however, particles only grow up to 0.1 mm size and then settle without growing.
Collisions between particles have the following important effects: (1) Inelastic collisions between larger particles sedimenting through a layer of smaller ones result in an additional effective drag that enhances the sedimentation rate of the larger particles. Momentum transfer between particles of different sizes introduces a collective response to their interaction with the gas. (2) The particle size distribution evolves as a result of the collisions. Although the total dust mass density remains unchanged in this process, the drag coupling parameter between the gas and the particles is size dependent (which is not taken into account in the system of equations in eq. [3]). (3) The coupling with the gas decreases with increasing particle size. This has several important consequences. First, when the Stokes parameter S ¼ À1 s becomes of the order of (for centimeter-size particles at 1 AU, for instance), the asymptotic expansion presented in x 2 must be revised. This shall be done in a future paper. Second, the consequences of weaker coupling on the turbulent development of the instability are important. If the settling occurs faster than the turnover time of the instability, the particles may be allowed to settle despite the development of the shear instability, so that the resulting turbulent dust layer may be smaller than predicted in x 4.5. Moreover, eddies are less effective in suspending the particles, so that particles may settle despite the turbulence altogether. These effects have been looked at extensively by Cuzzi et al. (1993) , Champney et al. (1995) , and Dobrovolskis et al. (1999) .
To conclude, if growth occurs during the laminar settling phase, all the quantitative results presented in this paper need to be revised (although we surmise that, as in other papers on the same subject, qualitative results should still hold); some aspects of the effects of growth will be presented in future work. However, the persistence of millimeter emission in disks a few million years old (Beckwith 1999) suggests that the sticking efficiency could actually be rather low (otherwise, by that age all the dust would have coagulated into centimetersize undetectable objects). If this is indeed the case and particles only grow to $100 m sizes before settling without significant growth, then all the quantitative results presented here hold.
On the Nonlinear Evolution of the Two-Fluid Layer
Our focus in this paper was to study the evolution of the dust layer only up to the onset of instability (either shear instability or gravitational collapse). Strictly speaking, our results should provide an accurate description of the dust layer since they only rely on the assumption that the initial dust density profile (prior to the onset of settling) is comparable to the gas density profile, which is a reasonable assumption for very small dust particles (of millimeter size or less).
Leaving aside the case of potentially unstable unevolved dust layers, we now start from these results to speculate on the possible nonlinear evolution of the layer past the onset of shear instability. Since the first unstable modes of the dust layer have a typical length scale of about 2Á, we expect the first mixing event to be a large-scale event, with a wide redistribution of the dust within a scale height of the order of 2Á. Youdin & Chiang (2004) have assumed that beyond that first mixing event, the dust layer settles into a steady state of marginal stability with J p (z) ¼ 0:25 everywhere in the fluid and where the local turbulence would exactly cancel the settling of the dust. They deduce that the turbulent viscosity t required to satisfy these two conditions is
where t stop ¼ 1= K a is the particle stopping time. In the limit of a thin dust layer (so that, within the layer, p 3 and $ a ), the marginal stability condition yields
which implies that
This equation therefore suggests that the turbulent viscosity is inversely proportional to the square of the shear, whereas standard models usually propose that t should be proportional to the shear. This apparent discrepancy comes from the assumption of steady state and that the whole dust layer should be marginally stable; this type of behavior is not supported by laboratory experiments. We postulate instead that in regions where the azimuthal velocity has saturated to its Keplerian velocity, one could actually expect turbulence to weaken and maybe even allow settling to proceed. Once again, this idea can only be tested through a complete nonlinear analysis of the turbulent evolution of the dust layer shear.
Conclusions
Our work looked in depth at the evolution of the dust layer in a protostellar accretion disk up to the onset of linear shear instability and determined the condition for the onset of such instability as a function of nebular parameters. Having included most physical effects that we believe are relevant to the description of this two-fluid mixture, and having made use of very few initial assumptions, we are confident that the results presented are an accurate description of the dust layer up to the onset of instability (provided that particle growth is negligible). Any inference (ours, or those of other authors) on the nonlinear development of the instability in the dust layer and on the resulting effects of turbulence on the angular momentum mixing, for instance, or on particle mixing and the prevention of sedimentation, is speculative and should be treated with caution. Our future work will be devoted to the study of the effects of particle growth and of the turbulent evolution of the dust layer in order to provide better theoretical and numerical constraints on those speculative issues.
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In the diffusion limit for the radiation, we also have where L is the typical scale of fluid motion. In the optically thin limit (r > r ), on the other hand, we have
B2. COOLING TIMESCALE
For a given parcel of fluid containing both dust particles and gas molecules, the physics of the cooling can have two limits: either 2 3 (i.e., the cooling is dominated by radiative processes) or 2 T (i.e., the cooling is dominated by collisions). In the case in which 2 T , radiative diffusion of heat occurs on a much longer timescale than conduction through collisions. Hence, if we exchange two parcels of fluid containing dust particles at different heights, the temperature of the gas first changes as a result of the gas expansion/compression on a very rapid timescale (one sound speed crossing time for the parcel of fluid), the dust temperature then quickly adjusts to the gas temperature on a timescale 2 , and finally the dust temperature readjusts itself on a diffusive timescale to the local dust temperature, followed at all times by the gas. As a result, the thermal adjustment of the parcel of fluid to the ambient equilibrium occurs on the cooling timescale c with c ¼ (= p ) . In the opposite case, radiative diffusion of heat occurs much faster than conduction. Hence, if we exchange two parcels of fluids, as before the temperature of the gas changes very rapidly to adjust to the expansion/contraction of the fluid, the dust then quickly adjusts to the local dust thermal equilibrium through radiation, and finally the gas adjusts to the dust temperature through collisions on a timescale 1 . Hence, in that case the cooling timescale of the fluid parcel is c ¼ 1 ¼ (= p ) 2 .
To summarize, we have determined that the cooling time c can in all cases be written as
B3. SYNOPSIS
